Introduction. Let=f(1)d(y) y, be an irreducible decomposition of a representation q of an involutive Banach algebra 5 over a measure space (F, u). As shown by several authors in [4] , [8] , [9] , [13] etc., this decomposition cannot be regarded as a decomposition of the unitary equivalence class of 9o into the unitary equivalence classes of q (ry) except for some fairly nice cases, whereas this decompositon is determined only up to unitary equivalence. For instance, some representations can be decomposed in two ways that have no common components as in [8] and some two representations of quite different types can be decomposed into the direct integrals of the same components as in [13] . Therefore it comes into considerations what determines the unitary equivalence relation among the components {gyp( ry); ry EF of the decomposition q (y)dLt(y). For this question we shall answer in 1 that the algebraic relation between the commutant q(1)=M of p(5) and the associated diagonal algebra A determines completely the unitary equivalence relation Jt among the components [q(y); y EF}. So we can regard J1 as an algebraic invariant of the couple (M, A). A. Guichardet used l1 for characterization of discrete von Neumann algebras in [5] . We study the behavior of i in more general situation. In 2 we shall give the definitions of simplicity, smoothness and complete roughness of A in M using R. In 3 we shall reduce the study of smooth maximal abelian subalgebras to that of simple ones.
4 is devoted to show some relations between simple or completely rough maximal abelian subalgebras and regular, semi-regular or singular ones defined in [3] . Finally in 5 we shall give some examples of factors of type II and type III with simple maximal abelian subalgebras and completely rough ones simultaneously respectively.
1. Unitary equivalence relation. Let T be a standard Borel spacer and j a Borel measure on F. Let A=L (Fu) be the commutative von Neumann
1) If a Borel space (r,)
is Borel isomorphic to some separable complete metric space equipped with the Borel structure generated by closed sets, then we call it standard according to Mackey [9] . Calling the member of Borel set, we shall omit the letter .
algebra consisting of all essentially bounded measurable functions over the measure space (F,) . Suppose that A is imbedded in a von Neumann algebra 111 as a von Neumann subalgebra and that M has a faithful representation on a separable Hilbert space. Let 'rr be a normal faithful representation of 111 onto a separable Hilbert space rs and let Mrs be the commutant algebra of r (M). Then wg eet a decomposition of STi n over the measure space (F,) relative to 7r(A). n-(A) becomes the algebra of all diagonalizable operators which is called the (associated) diagonal algebra and each operator in 7r(A)' is decomposable. Let 2r be a uniformly separable C*-algebra which is weakly dense. in M'n. Then for ?i we can associate a family [q} of representations of t in n (y) such that
Besides, we can choose the family f q17} as follows; the function y-(cp7(x) (y}, ij (y)) is Borel measurable over 1' for every x E 2Z and for every pair of = f(y)d), (y=(y)d(y) E. We denote such family f7} by. Pf
The family an(y): y ET of Hilbert spaces and the family c are determined almost everywhere by the n and the diagonal algebra 7r(A). Indeed, if & is represented by a decomposition n=an(y) dp(y) with respect to 7r(A) and if 1 is another associated family of representations of I, then there exists a null set Nc T and a family [U7: y ECN} 2> of unitary operators of 57(y) onto n (y') such that u7q 7u71=q 7 for every y E CN. Suppose that Az=L(I1, i) (i=1, 2) is a von Neumann subalgebra of M, where (I'2 f c2} (i=1, 2) are measure spaces as well as (F,). Then we get two decompositions of over (F1, 1) and (F2, U2) relative to 7r(A1) and Tr(A2) respectively and we fix these decompositions of n. Let 1=[q4} and 12=I2} T ybe families of representations of the C*-algebra t which are given by the decompositions of n as well as c. We define a relation 1 between the points of F1 and T2 as follows; m Azt2> 2 (y1, rye) holds if and only if the representations q4 and 7" 72 of are unitarily equivalent. Now let Ji and R' be two relations between the points of F1 and 119. We 2) CN denotes the Complement of N in r.
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define a relation by the fact that there exist subsets Ei of F, (i=1, 2) with null complements such that (ryi, 72) is equivalent to (Yi, 72) for every (y1, 72) E E1 x E2. Clearly this relation"="is an equivalence relation. We denoe the equivalence class of Yi under the relation " -by.
LEMMA 1.1.. J1M' 4 A2, 2 depends on neither t1 and 12 nor weakly dense uniformly separable C*-subalgebra t of Mn. That is, for two weakly dense uniformly separable C-sublalgebras 1 and of Mn and for associated familis 'D' and i (i=1, 2) of representations of and t 2 (i =1, 2), there exist Borel subsets EL of F, ( =1, 2) with null complements such that '2, A 11J'2 (Yi, 72) and 'A,'
(ryi, 72) are equivalent for every (y1, 72) E E1 X E2.
PROOF. Let to be countable uniformly dense subalgebra of C over the rational complex number field Co. Then Vl2nAA 212 (y1, 72) is equivalent to the fact that there exists a unitary u ofn (y1) onton (y2) such that u qy, (x)u-1 = q, (x) for every x E C p . Let {xn} be an enumeration of For each n there exists a sequence [y, m} in that converges strongly to x, . By [2: Chap. II, § 2, no 3 Prop. 4], there exist a subsequence {yn, k} and null sets Nn CI', (i=1, 2) such that q4, (x)n=strong-urn rya (yn, mk) for every yti E cN (i=1, 2).
Put N1=U N? (i=1, 2). Suppose that A A 1' 2 (y1 72) holds for (71, 7 2) n=1 E CN1 x CN2. Then there exirts a unitary u of n (y1) onto (rye) such that u J4, (Yn.m,) u'=y2 (yn, mi,) for all n and k, which implies a (n)1xu= q, (xn) for all n. Hence W', C, 2 (i, 72) holds. By symmetryA 212 and'n 1, 2
A, A2
are equivalent on E1 x E1 for some subsets E1 C F1 and E2 C 1 2 with null complements. According to Lemma 1.1, we can denote by and q1 (x) by i2 A1iA2 7x x1 (y1) without the indication of the family I: 1. Let), be the trivial representation of the scalar field C onto countably infinite dimensional Hilbert space L For a representation r of M we define a representation 7r'. onto.
by (7r,) (x) (?1)=('ir(x)) for x E M, ES n and E. PROOF. Let 2z and 5 be uniformly separable weakly dense CV-subalgebras of Mn and B (1) with units respectively. Then the uniform closure 3 of the set consiting of all n1 xi y2's xi E 5ty? E, which is in the sense of Turumaru [14] , is also uniformly separable weakly dense C*-subalgebra of Mn=Mn B. From na=x and (7r,) (M)=7r(M) C, we have LL=n (1). and (x 0y)2 (yi)=xi(ryz)y for almost every yti E I'Z 368 M. TAKEAKI (i=1, 2) and for every x E and y E. Suppose thatM, AA2'2 (y1, 72) holds, that is, there exists a unitary u of n (7i) onto n (y2) such that ux1(71)u-1=x2 (7 2) for all x E T. Putting v=u I, we have v(x y)1 (y)v1=(xy)2(y) 2for every x E I and y E, which implies nz 12 (7i, y2 ), where V2 is the family of representations art of J defined by J4 (xy)= p (x)y for x E 21 and y E Conversely suppose that '2 (yi, y2) holds . There exists a unitary v of 54 (Yi) onto b (y2) such that v(xy)1(y1)v-1 = (xy)2 (7 2) for all x E 1 and y E. Taking x=I, v(I y)v 1=I y for every y E . Hence there exists a unitary u of (Yi) onton (rye) such that v=uI by [7: According to Theorem l.l, in the notation 1712 1 2 the letter r does not have essential meaning. So we assume the von Neumann algebra M to act on a fixed Hilbert space from the beginning and we can denote J1 by R ;A2. In the following, we denote s ''nA A " " by where r means the identical representation of M. When we consider only one subalgebra A=L (F) of M, becomes an equivalence relation defined in the measure space (F) which is simply denoted by Now we shall give the interpretations of Theorem 1.1 to the decomposition theory of representations of involutive Banach algebras. In [13] , in order to describe the structure of decompositions of some representations of certain C* algebras, at first we have studied the behavior of some special representation c0o of some special C-algebra fro and next we have investigated the representation rp of C*-algebra C such that qa(I)'=ql)' by comparing the decompositions of q and o with respect to the diagonal algebras which are isomorphic under the isomorphism between qo(T0)' and q)'.
According to Theorem 1. 1, we can see the theoretical back ground of these arguments in [13] . Let T and l3 be two separable involutive Banach algebras and let p and tr be representations of f and l onto separable Hilbert spaces 4 and 45 respectively. Suppose q) ' under an isomorphism B. That is, there exist a von Neumann algebra 1W and two normal faithful representations r and p such that r (M) =qf)', p(M)=Jr(1)' and a'=Bo7r. Let (P1, l), (T2, u2), AI and A2 be as in Theorem 1.1.
Then p(resp. fr) is decomposed with respect to 7r(A1) and 7r(A2) (resp. o-(A1) and p(A2)) as follows;
(resp. fr=J 'j(y1)d1(y1) and jr= r 2(72)d2(72).
Then we get the f olowing COROLLARY 1. There exist null sets N1 c T1 and N2 c F2 such that cpl(y1) g12(y2) is equivalent to f'1(yl)=x'2(72) for every (71, 72) E C N1 x C N2.
PROOF. Putting =I) and 3=4r(), the decomposition q= dz(y2) and Jr=Jri(yti)d2(y2) (i=1, 2) give the associated families I and ti (i=1, 2) of C and respectively . Then the relations "q 1(y1) and "A(y) Jr2 (72)" are equivalent to M'nA A I' ('yr, 72) and (y2) respectively. Hence Theorem 1.1 implies our mention.
Corollary 1 states that the unitary equivalence among the components of representations is completely determined by the algebraic relation between the commutant algebra and the associated diagonal algebra. COROLLARY 2. Let A2=L (F1, ti) be imbedded in a von Neumann algebra Mi acting on a Hilbert spacei (i=1, 2). Let t and be two separable involutive Banach algebras and let co and 'p2 (resp. r1 and 2) be two representations of 2Z resp.) onto 4'i and 2 respectively such that P1(1)=M1
and 'P2 (p12)'=JI2 (resp. J1 (3)'=1112 and 'tJt2(1)'=M2). Then q and i are decomposed with respect to Al as follows (i=1, 2);
If (p1c3p2)(T)'=(J'1EB'fr2)(1)', then the relation "m(yl)=P2(Y2)" of yl and y2 is equivalent to "J1(y1)=r2(y2) except for some negligible part .
PROOF. Putting p=q Eq2, =EB'2, q=(1)' =M, (T, /L)= (F1, m)EiV(P2, 2) and A= A1EBA2i we have MM1EBM2 A1EA2=A= L(P, u). Application of Corollary 1 to p, Jt, M and A assures our mention .
REMARK. If 1 and (2(resp. and fr2) are disjoint representations, then our assumption (piEEq-2) (I)' = (fr1EBJr2) (1)' 'is automatically satisfied. Indeed, we have (q EBq 2) ('2C)'=M1 E M2. Even if q 1 and (p2 are representations of quite different types, it may happen that there exists a Borel isomorphism O of F1 onto F2 such that q(y1) cp2(0(y1)) for all ry1 E F1 (cf. [13] ), though, of course, 2 and 0(u1) are disjoint.
Suppose that there is an isomorphism 8 of Al=L' (F1, p1) onto A2= L (F2, p2). By [5: 1, Prop. 1], there exist null sets N1 c F1 and N2 c F2 respectively and a one-to-one measurable mapping B of C N2 onto C N1 such that B(a)(ry2)=a(0(ry2)) for every a E Al and for every rye E CN2 and B(2) is equivalentto/11. naturally induced by {u(y1)} coincides with the original unitary u. For x E, putting x' (B1(y1))=u(ry1)q y, (x)u(y1)' "for ry1 E C N'1 and x' (72)=6 for 72 01(C N'1), x'(1) becomes a bounded measurable operator field over F2 which defines an operator x' on 5. Let Co be a countable dense *-subalgebra of over the rational complex number field Cp. Let be a countable dense linear subspace of over Co that is invariant under the actions ofo and u. For each E there exists a null set NeCF1 such that (u)(W1(ry1))=u(y1) (y1) for ry E CN. Putting N = U N, we have (u)(B'(y1))-= u&1 (Yi) for every E and for every ry, E C N. For x E , E and Yi E C N we have so that x'.=uxu 1 for every x E Co and for every E. Continuity of x' and uxu 1 implies x"=uxu 1. On the other hand, we have uxu-1=x for every x E. Hence we have x=x"
for every x E ill, Then for x ECo there exists a null set Nx ci T2 such that x" ('y2)=q42 (x) for every r12 E C N1. Putting N2=U N1, N2 is a null set and we have for every x E and for every yi E G (0(N2) fl N). By the continuity of u(y1) u (y1)-1 and quo-1(r1) we have q4 q4-L(1) for almost every y1 E F1, that is, (ry1, Y (7i)) holds for almos every y1 E F1.
REMARK. When an abelian subalgebra A of M is represented in two ways as A L(F1, 1) and A=L (F2, /2), taking Al=A2=A and u=I in Theoreml. 2, there exis null sets N1 c F1, N2 C F2 and a one-to-one measurable mapping a from C N2 onto C N1 such that e (u2) m and A22 (ry1, Ul(ryl)) holds for every y1 E N1. Hence the behaviors of the equivalence relations r1 and 9' in the measure spaces (F 1, 1) and (F2, /12) are almost isomorphic. That is, we can say that the equivalence relation, A, depends only on the algebraic relation of M and A.
In order to study the behavior of k, A2, we set the following. positions of S. with respect to Al and A2 respectively. Let 2C be a uniformly separable weakly dense C-subalgebra of M" and let J1=E F1) and (2={P: y2 E F2) be families of representations of !l associated with the decompositions of.
Then the graph of'A A22 in F1 x F2 is an analytic subset of F1 x F2. Besides, if Al and A2 are maximal abelian in.12 then there exist null sets N1 C F1 and N2 c F2 such that the graph of M;2 Aa in
is a Borel subset of (F1-N1) x (F2-N2).
PROOF. Let R be the graph of 9;2 2. Putting F? ={yi E F1; dim., i(ry.) =n), i=1, 2, Fz becomes a Borel subset of F 2 for each n, i=1, 2, and we have u F2 U Fi=F1, i=1, 2, and R c (F? x F2) U (Fi x F2 ) . So we may 11=1 nil assume that there exists a fixd Hilbert spaced such that i(ryi)=o for each yi E F1, i=1, 2. Let B=B(oo) be the algebra of all bounded operators on o equipped with the Borel structure induced by the weak topology . Then B is a standard Borel space, since B is covered by countably many metrizable compact subsets. For each x E 2l the function (y1, 72, u) E F1 x F2 x U-f(x1 (y1), x2(ry 2), u) E B x B x U becomes a Borel function, where U means the unitary group of B. Besides the function (x, y, u) c B x B x U-ux -yu E B is a Borel function. Indeed, let {z} be a complete normalized orthogonal system of o, then we have Since each member of summands is a Borel function of (x, y, u) E B x B x U, ([ux-yu] fin,) is a Borel function of (x, y, u). For each , Eo is a Borel function of (x, y, u). Hence the function (x, y, u)-ux -yu is a Borel function. After all, the set A={(y1, y2, u) EF1 XF2 x U; 1(y1)=x2(y2)u for each x E C is a Borel subset of a standard Borel space F1 x F2 x U. R is the projection of A to F1 x F2i so that R is analytic.
If Al and A2 are maximal abelian in M, then there exist null sets N1 ci F1 and N2 ci F2 such that 'p and qy2 are irreducible representations for every yl E F1-N1 and y2 E F2-N2. Hence (yl, y2) E R fl (F1-N1) x (F2-N2) is equivalent to J(41, q42)>0, where 3(q41, 2) means the linear dimension of the space of all bounded operators u such that a q4(x)=q4 1 (x)u for all x E f. But j (q1, cp72) is a Borel function of (yl, y2) by [9; Theorem 8.2]. Thus. R fl (q-N1)
x (F2-N2) is a Borel subset of (F1-N1) x (F2-N2). there exists a Borel null set N ci F such that R (y, y') implies y=y' for each (ry, y') E (F-N)
x (F-N), then we call A simple in M. Of course, simple subalgebra is also smooth. Conversely, suppose that there exist an analytic set Ec P and a Borel null set N ci T as in the statement of our Lemma. Then r isa one-to-one Borel mapping of E onto (T-N)/ (h-N)"Hence if r is a Borel isomorphism then (F-N) is analytic Borel space, so that (F-N)/ is countably separated. So it suffices to show that r is a Borel isomorphism, that is, to show that r(F) is a Borel subset of (F-N)". for every relative Borel subset F of E. Hence we shall show that rr(F) is a Borel subset of T-N.
Let R be the graph of in (P-N)" x (F-N). Then we have rr(F)= pre (F x (F-N) f1 R), where pre is defined by pr2(ry, ry')= ry' for (ry, ry") E T x P. Since F is a relative Borel subset of the analytic set E, F is analytic. Hence rr(F) is analytic by Theorem 1.3. Similarly r-lr(E-F) is also analytic. Since rr(F) and r-lr(E -F) are complementary subsets of F-N, they are both Borel sets. This completes the proof. PROOF. 1. Let A=L"(P, p). Let P, be the Borel set in P associated with p,. 2. Let Al = L(F1, i1), A2 = L (F1, p2) and (F, j) = (F1 x F2, lxP2). Then we have A = L(F, p. Let N1 ci F2 and Ei ci F1 be the couple statisf ying the condition of Lemma 2. 1, i=1, 2. Let l1, I and f2, Y2 be the couples as in the preceeding discussion for M1, Al and M2, A2 respectively. Then 21 {2 becomes a uniformly separable weakly dense C-subalgebra of M' by our assumption. Putting C I'1(112={(7i, Y2) y7 1'72 Ty] E E (ry1, rye) E h1 x F2}, J is a family of representations of 'ill associated with the decomposition of1 "e2 with respect to A = AlA2, where 1 and 2 are the underlying Hilbert spaces of M1 and M2 respectively. It is clear that the equivalence relation Jt2 'A, in F is defined as the canonical product equivalence relation P'A a,h' x nr, z> in F1 x F2. Putting N = N1 x F2 U F1 x N2 and E = E1 x E2, N and E satisfy the condition of Lemma 2.1. Hence A is smooth in M. This completes the proof. THEOREM 2.1. Let A be an abelian von Neumann subalgebra of a von Neumann algebra M. Then there exists a unique partition of unit e+f=I in A such that Ae is smooth in eMe and such that Af is completely rough in fMf.
PROOF. Let (p) be a maximal family of orthogonal non-zero projections in A such that Ap is smooth in paMp.
By the separability of underlying 4) For any equivalence relation i in r the la-saturation of any subset Ser is the set of all elements of r that are -equivalent to some element of S. If S contains every element that is SI-equivalent to some one of S, S is called 111-saturated.
Hilbert space of M, fp is at most countable. e = spa and f=I-e are the a desired projections in A by Lemma 2.2 and by the maximality of {pa}. The unicity of e and f is clear from Definition 2.1. This completes the proof.
Theorem 2.1 reduces the study of abelian von Neumann subalgebras to that of smooth ones and that of completely rough ones.
Smooth maximal abelian subalgebras.
In the present section we reduce the study of smooth maximal abelian subalgebras to that of simple ones. In the following if a maximal abelian subalgebra A = L(r,) of a von Neumann subalgebra is smooth, then we assume that the quotient space F1 J1 = D of h is standard by eliminating a null set from the whole space T.
) and A2 = L(T2,2) be two abelian von Neumann subalgebras of the von Neumann algebra M. Let T, tJ and J 2 be a triard as in l. Let E1 c h1 and E2 c h2 be Borel subsets respectively. If there exists a Borel mapping CH) from E1 to E2 such that i'Alg2'2 (ry, 10 (ry) holds for almost every 'y1 E E1, then for almost every y1 E E1 there exists a unitary u(y1) from 2(((y1)) onto S)1(Y1) such that u(y1)-1x1 (ry1)u(y1) = x2 (C)(y1)) for every x E 21 and such that u(y1) (((ry)), is a measurable vector field over E1 if)
is so over E2. If U is a Borel isoamorphism such that U(p 1) p2, then the operator u defined by
for e=2(y2)d2(rY2) E s is a partial isometry of M which carries e2 onto e1 where e1 and e2 mean the projections of Al and A2 associated with E1 and E2 respectively.
PROOF. We use the notation in the proof of Theorem 1.3. As in the proof of Theorem 1.3 we may assume that there exists a fixed Hilbert space osuch that 43
for every x E 2C, B is a Borel subset of E1 x U whose projection to E1 covers E1. Indeed, B is the projection of the intersection of A and the product of the graph Ra of U in E1 x E2 and U to E1 x U. Ro is a Borel set in E1 x E2 by [1: 6 Ex. 17] and the projection of E1 x E2 to E1 is a one-to-one Borel mapping on R. Hence the projection of A fl (R,, x U) onto B is a one-to-one Borel mapping of the standard Borel space A n (R x U) into the standard Borel space El x U, so that B becomes a Borel subset of E1 x U by [9: Theorem 3.2]. Applying [9: Theorem 6.3] to E1, U and B, there exist a null set N1 c E1 and a Borel mapping u(y) from E1 -N1 to U such that (y1, u(y1)) E B for evry y1 E E1-N1.
This u(1) is desired one. Suppose that (1) is a Borel isomorphism of (E1, Pi) onto (E2, P2)' Ilu II2=f Ilu(y) e2(o(y1))IIZ d(u2) (yd (1) =f lI2(e(y1))lI2d(1(i2))(y1) =f 1I 2(y2)II2d2(72)=le2 I2. 4 (El) For each x EC we have ux =fu(7)(x)2((y))dU-(y)dy) Putting 8(x)=u(ry)lx(r(ry)) u (y) dp (y) for x E A', 0 becomes a normal isomorphism of A' into A'. In fact, if there exists another measurable operator field x1(y) over F for x E A' such that f x1 (7) 1) ), almost every y-component of t is irreducibly acting on ce (y). Because, putting E=fry; ry-component of {is not irreducible}, E is saturated and E is a null set by the maximality of A in M. Hence (r(E)) ro. On the other hand, we have r(E)={7; 7-component of is not irreducible}, which implies that almost every-component of C is irreducible. Hence A is a maximal abelian subalgebra of M Finally we shall show that A is simple in M Putting qi (1)=0 (1) (ck(7)) =(Y)
for respect to 0 (A) which induces the decomposition 0 (A')=f0 (A') (7) d(7) of 6 (A') and there exists a measurable field {0y 7EF} of normal isomorphisms of A' (7) onto 0 (A') (7) such that 6(x)=ffly (x(7)) d (7) for each x EA' z that is, 0=0y d % (7). Putting 0 (VI)=C and y (x)=0y gtry(0-1(x)) for each x E T, f is weakly dense in M' and almost every 4y (f) is weakly dense in 0 (A') (7) by the continuity of almost every 0y. Hence almost every try is a representation of type I which is quasi-equivalent to irreducible representation co o 0-1 of 1. Modifying' on a null subset of F, we can assume from the assumption for A that each distinct members of I are disjoint. Besides, eliminating null set, 7 is quasi-equivalent to tpy o 01 for every 7 E P. After all, we conclude that there exists a von Neumann subalgebra B=6(A)=L(F) and a decomposition =f (ry) d (7) Ul..l(1)) for almost every 7 E F (resp. 71 E F1). As seen in the proof of sufficiency, almost every coset 0-1(r) (resp. 0-1(ryl)) becomes -equivalence class in F, which implies 0(A)=01(A1). This completes the proof. PROOF. The sufficiency is a direct conclusion of Lemma 2. 2, so we shall prove only the necessity. Suppose that A is smooth. Let A=L(1',) and =Let (T, 2) be the quotient measure space of (F,) by JC and let r e the canonical mapping of I' onto D. Identifying f and for for each f c L (r, 2) =A ,A becomes a von Neumann subalgebra of A. By {5: 6, Prop. 7] there exist unique orthogonal projections po and qo in A such that po+q0=I, po is the greatest relatively continuous projection with respect to A and qo is the greatest relatively discrete projection with respect to A. So we shall study (p0Mq0, Aqo) and (p0 Mpo,Apo) separately.
1. Case of qo = I. For each non-zero projection e E A there exists the smallest projection e in A majorizing e, which is called A-carrier of e. Let e and f be two relatively minimal projections in A with respect to A with the same A-carrier. Let E and F be the Borel subsets of P associted with e and f respectively. Since Ae=Ae and Af=Af, both the r E and rl F, the restrictions of r, are one-to-one mappings except for negligible parts. Since e and f are the projections of A associated with r (E) and r (F) respectively, we have r (E)=r (F). Hence there exists a one-to-one Borel isomorphism 4 from E onto F such (ry, b (y)) for almost every y E E. Since Ae = .Ae Ae under the canonical correspondence, r transforms the class of all null sets in E onto the one in r (E). Hence b is an isomorphism of the measure space (E, F) onto (F, (F). By Lemma 3.1 there exists a partial isometry u of M defined by a family {u (y), ry E F) of unitaries from (4 (y)) onto 45(y) such that uu* = e and u u=f. Since A is discrete over A, we have I-ea=ga. Since M is acting on a separable Hilbert space, both tea) and {ga} are at most countable. Let {e} and {gn} be their enumerations respectively. Let E and Gn be Borel subsets of F associated with en and gn respectively. Since en=I> gn and en and gn are relatively minimal, there exists a one-to-one Borel mapping 4) from h into U En such that 4) (G) nc E2n+1, 4) (En) E2, (4) (ry)) for almost every ry E I, n=1 and 4) (1) 4) (T). By Bernstein's method it is easily shown that there exists a
Borel one-to-one mapping fr from T onto J En such that (y, /r (y)) for almost and x=x1 I. It is clear that the diagonal algebra Ao in the decomposition of is isomorphic to A under the canonical correspondence and that {x(y); xc} {x(c(ry)); x Ef} acts on (ry) (c (ry)) irreducibly for almost every y c F. Besides the representations x-x (ry) of the C*-algebra C {x; x E X} are mutually disjoint. Hence Ao is a simple maximal abelian subalgebra of Mo = Since x=x I for every x E, we have M=t'=M0 Bo. And we get A=Ao L(0,1). The unicity of pn n=o,1, is almost clear from its construction. This completes the proof. THEOREM 3.3. Let Al and A2 be two maximal abelian subalgebras of a von Neumann algebra M. Let e1 and e2 be non-zero projections of Al and A2 such that A1e1 and A2e2 are smooth in e1Me1 and e2eM2 respeesively. Ales and A2e2 are similar if the simplifications ((e1Me1), (A1e1), O) and ((e2Me2, (A2e2), 82) are unitarily equivalent in the sense that there exists a unitary u of the underlying Hilbert space of (e1Me1) onto the one 2 of (e2Me25 such that u (A1e1) u-1=(A2e2), u(e1Me1) u1=(e2Me2) and 02 (uxu)-1=0 (x) for x PROOF. Suppose that A1e1 and A 2e2 are similar. Let E1 and E2 be the Borel sets in F1 and F2 associated with e1 and e2 respectively. Putting t1=e2 and e1=[q41 E ryi E2} (2=1,2), S e1d1'eA 11e1=1 and eAg2g2e2=2 are the restrictions of and W'2 to E1 and E2 respectively. Let (E1, Z1) and (E2, A) be the quotient measure spaces of (E1,G1) and (E2, u2) by R1 and fl2 respectively. Let r1 and r2 be the associated canonical mappings of E1 and E2 onto i1 and i2 respectively. Since SR', Al (ry1, rye), i'A 2A (ry1, rye) and', Atiti (r12, ry2) imply (rye, rye) for ry1, ryi E F1 and for rye, ry2 E F2, the mapping e of E1 to E2 defined by for y 1 E E1 is a one-to-one mapping, where R is the graph of fl A, 2 in El x E2. By the similarity of A1e1 and A2e2 f is defined almost everywhere in E and it has the range with null complement in E2. Eliminating null sets from
El and E2 respectively, we may assume that F' is a one-to-one mapping of E1 onto E2. Since F-1 (S2)=r1 pr1((E1 x r2-1 (S2)) fl R), F-1 (S2) is analytic in E1 for each Borel subset S2 ci E2, so that F' is measurable. Similary F-1 is also measurable. Besides the similarity of A1e1 and A2e2 implies that F' is an isomorphism of the measure space (J', l, Z) onto the one (E2, A). Let b1 and 42 be measurable mappings of E1 and E2 to E1 and E2 such that b1(y1) Eri 1(71) and c2 (y2) Er2-1(72) for almost every ryl and y2 respectively. Then we have A' gz' 2(1(x'1)2 (r(1))f or almost every y 1E El. Using the naturally corresponding notations in the proof of necessity of Theorem 3.1, there exists a unitary u of =1, (fib (y 1)) onto 2 (F'(1)) Y1=2(2(P(2))) ry for almost every y 1 EE1 such that u-1x1 (cfri)) 1(u=x2 (2(F'(1)) for each x E Z. By Lemma 3.1 there exists a family {u(1); 151 EE1 of unitaries from 2 (2 a F' ('1)) onto 1 (1(1)) y such that u(51)-1x1(b1('1)=x 2(b2 r(71)) for each x E -C, which defines a unitary u of 2 onto by
It is clear that u carries (A2e2) onto (A1 e15. Since ud21(x) u-t=O 1 (x) for each x E 2X, u-1 induces the desired spatial isomorphism of (e1111e15 onto (e2Me2).
Conversely suppose that there exists a unitary u of 1 onto "2 satisfying the condition of our theorem. By [S: Theorem 2.7] and Lemma 3.1 there exists a one-to-one mapping r from a Borel suset of El onto a Borel subset of E2 with null complements such that ryG1) i2 and there exists a family {u (y1); 1 E1 of unitaries from 2(F'(1)) onto 1(y1) such that
for E2 and a (Y1)1O1 1(xe1) (ryl) u (yl)=O2 (xe2) (F'(Y1)) for almost every 1 E E1 and for each x E By the proof of necessity in Theorem 3.1 there exist unitaries u1 and u2 of 1(yl) and 2(y2) onto c'1(r1(y1)) and 2(r2(y2)) for almost every y1 E E1 and 72 E E2 respectively such that ulx (y2) ui1 811 (xel) (rl(rl)) and u2 x (y2) u21=82 1 (xe2) (r2(ry2))
for every x E S2C. Theoref ore we have; (ryl, '2) if 7' a r1(ry1)=r2 (ry2) for almost every ryl E E2, and ry2 E2 that is, Pr2((S1 x E2) fl R) ci r21ar1(S1) and pr1((E1 x S2) nR) ci ri r2(S2) for each subset Sl ci El and S2 ci E2 respectively. Since r1(Lt1)=1 and r2(t2) =P2, we have 2(pr2((S1 x E2) n R))>o and 1(pr1((E1 x S2) n R))>o for each non-negligible subsets S1 ci El and S2 C E2, which implies the similarity of A1e1 and A2e2. This completes the proof.
Then we get the following COROLLARY. Similar simple maximal abelian subalgebras of a von Neumanr algebra are unitarily equivalent. REMARK. Unfortunately p1I-' and q, 2rneed not be disjoint. Indeed, if e1. 1-e2-p2 in M then qlrpl and cp2rare unitarily equivalent. Such case often occurs if M is of continuous type. For instance, let A be a simple maximal abelian subalgebra of M and let e be a projection of A such e'-I-e . Then q and cp(are unitarily equivalent, though the decompositions of qe and cpcr-e) with respect to Ae and A(I-e) has no common component.
4. Simple maximal abelian subalgebras and completely rough maximal abelian subalgebras.
In [3] Dixmier introduced the notions of regularity, semi-regularity and singularity for the maximal abelian subalgebra of factor. This section is devoted to the study of the relation between these algebraic properties and rather analytic properties: simplicity and complete roughness, of maximal subalgebras. First we shall slightly generalize the notion defined by Dixmier. PROOF. Suppose that a maximal abelian subalgebra A=L(F,) of a von Neumann algebra M is not singular. Then there exists a unitary u of M such that uAu 1=A and u A. By the maximality of A, u does not commute with some element of A, so that u induces a nontrivial automorphism 0 of A. Hence the associated mapping U of F onto F is not trivial, that is, there exists a Borel set E such that (E)>0
and v(ry) + y for every y E E. By Theorem 1.2 we have J1M (ry, ((y)) for almost every ry E E, so that fl (y, y') does not imply ry=ry'. Hence A is not simple. 
PROOF. Let A=L"(F,).
Let G be a countable group of unitaries satisfying the condition uAu-1=A which generates P. The existence of such group is guaranteed by the separability condition for M By the countability of G we may assume that the associated automorphism in (F) is defined over the whole space P for all u E G by elimination of some null Borel set from P.
Replacing the measure with an equivalent finite one, we assume that is a finite measure. We shall use the notations in the proof of 2 of Theorem 3. Suppose that there exists a non-zero projection e of A such that Ae is a smooth maximal abelian subalgebra of eMe. Let E be the Borel subset of F associated with e. Then we have Ae=L(E,). Denote =M, A, ande = eMe, ee, e in F and E respectively. By Lemma 2.1 there exists a Borel subset S ci E which has one and only one element in common with each R -equivalence class, eliminating a null set. Now let G and [J: u E G} be the groups of unitaries of M and of transformations in (F,) defined in the proof of Theorem 4.2 respectively. Putting U [E; u E G}=Z, the projection z of A associated with Z commutes with every u E G. Hence z is a non-zero central projection. Since Je is the restriction of to E, S has one and only one element in common with each Jz-equivalence class in Z where R means 9z. z,z Hence Az is a smooth maximal abelian subalgebra of Mz by Lemma 2.1. Moreover the semi-regularity of A yields the semi-regularity of Az in Mz. An application of Theorem 4.2. to Az and Mz yields our mention. PROOF. Let Al=L (F1, IL1) be a completely rough maximal abelian subalgebra of a van Neumann algebra M and A2=L(F2, 2) a smooth one of M. Put A 'ag2, 1= and v12 = Jia i; 2. Suppose that Al and A2 are related. Let R be the graph of l1 in F1 x F2. Put E1=pr1(R) and E2 = pre (R). By Theorem 1. 3, E1 and E2 are analytic subsets of F1 and F2 respectively. Eliminating a null set from F2, we may assume that r2 is a standard Borel space, so that E2=r2(E2) is an analytic subset of D2. Since R(y1, y2), T1('1,'y) and fl2(y2, y2) imply (yi, y2), f(y1)=r2 pr2([y1} x F2) fl R) defines a mapping of E1 into 1 2 whose range is E2. For each Borel set S2 Cr2, frl(S2)=pr1 ({F1 x r21(S2)} fl R) is an analytic subset of El. Since f-1(S2) and f1(C) are analytic and complementary subsets of E1, f(S2) -1is a relatively Borel subset of E1. Hence f is a Borel mapping of E1 into r2. The measures f (1a1) and P'2 are not disjoint by the relatedness of Al and A2, so that there exists a Borel subset F2 C I'2 contained in E2 such that fI F2 and p'2 f F2 are equivalent. Putting F1=f (F2), F1 is a relatively Borel subset of E1, so that f defines a Borel mapping from the analytic Borel space F1 onto the standard one F2. Besides, for each '2 E F2, f1(2) becomes a Y11-equivalence class in F1, so that the mapping b defined by qS(ryl)=f (ri 1(I)) becomes a well defined, one-to-one Borel mapping of F1/J11=F1 onto i2 because of r11cb-1(S2)= f1(S2) for each Borel set S2 c F2, where r1 means the canonical mapping of F1 onto F1.
For each Borel set S1 c 11, cb(S1)=f(r11(S1)) is analytic in F2 and cb(CS1) and c(S)) are complementary subsets of F2, so that 4 becomes a Borel isomorphism of c) onto F2. Hence F1 is a standard Borel space. Since F1 is analytic, there exists a relatively Borel null set N1 c F1 such that F1-N1 is standard, that is, F1-N1 is a Borel subset of Throughout the discussion of 3 and 4 the following natural questions arise for us: Are there algebraic characterizations of simple, smooth. or completely rough maximal abelian subalgebra? In particular, is any singular maximal abelian subalgebra simple? Indeed, as shown in the next , every already known example of singular maximal abelian subalgebra is simple.
5. Examples. In [S, Chap. III 5] Mackey gave an example of unrelated pair of maximal abelian subalgebras in a factor of type II 1 which consists of simple one and regular. Besides his arguments show that the example of singular maximal abelian subalgebra of hyperfinite factor constructed by Dixmier [3] is simple. So in this section we shall give an example of simple maximal abelian subalgebra in a factor of type III by showing the example of singular one in a factor of type III constructed by Pukanszky [12] to be simple.
Let G be an arbitrary countably infinite discrete abelian group. For each element g E G we associate the cyclic group s = [0, 1) of order 2. By l we denote the product compact group of [1k; g c GI. i is the subgroup of Sl composed of the element c such that c(g)=0 except for a finite member of g's. For 0<pc 1/2 we define the measure g in 12 by /2 ({0})=p and g({1}) =1-p and the measure in S by=If pg. For go E G we define geC an automorphism of 1 by ag(g)=a(gog) . Putting M=G<, we define the product in 3 by (g, c) (g2, c2)=(g, g2, Ng2-cr2). We canonically identify G and d with G x {0} and {e} x 0 respectively. Next we define the action of C on 11 by a s=ag-c for s=gc E C3. [12] . We shall show that A is simple.
Let t be the C*-subalgebra of M' generated by {u(s), 1(a): s E 3 and a E C(Q)J. Then t is a uniformly separable weakly dense subalgebra of M by [12] . For ry and r2 of T suppose that there exists a bounded operator x on such that for every s E M and for every a E C(f). Then x belongs to M;, so that x can be expressed by x=m4(x)x(c) in the strong operator topology. If ry1='Y2, say ry, then {ui(s) and lX (a) (a): s E 3 and a E C (SZ), which generates the ry-component of 2, acts irreducibly on , Hence C' 4' ('Y1, rye) implies ryl=Y2 for ryl, ry2 E F, that is, A is a simple maximal abelian subalgebra of ill, where I means the set of representations of defined by its Y's-components. After all, we get the following THEOREM 5.1. Hyperfinite factor has a simple maximal abelian subalgebra and a completely rough one simultaneously. There exists a factor of type III which has a simple maximal abelian subalgebra and a completely rough one simultaneously.
